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The heat -conduct ion  equation is solved for  a s implif ied model  of a scanning heat-conduct ing 
c a l o r i m e t e r  with a working  cel l  in the fo rm of a spher ica l  pyroe lec t r i c  t h e r m o m e t e r .  The 
op t imum m a t e r i a l  and d imens ions  for  the pyroe lec t r i c  s enso r s  a r e  de te rmined  by numer ica l  
ana lys i s  of the solution. 

Detailed study of the k inet ics  of phase  t r ans fo rma t ions  in l iquid--crystal  compounds,  f e r r o e l e c t r i c s ,  
and many other  m a t e r i a l s  has  become  manda tory  as a r e su l t  of their  broad applicat ion in var ious  b ranches  
of sc ience  and technology. 

One of the m o s t  p romis ing  approaches  to this p rob lem,  in our  opinion, is a c a l o r i m e t e r  with p r o -  
g r a m m e d  var ia t ion  of working  cel l  t e m p e r a t u r e  - the scanning c a l o r i m e t e r .  

The nonl inear i ty  of the e l ec t r i ca l  output of py roe lec t r i c  m a t e r i a l s  with r e s p e c t  to t empe ra tu r e  (or 
heat  flow) [1] makes  them sui table  for  a c a l o r i m e t e r  of this kind. 

A hollow p y r o t h e r m o m e t e r  [1], which can fo rm the conta iner  for  the sample  studied, is m o s t  p r o m -  
is ing for  this application. The heat  flow through the pyroe lec t r i c  m a t e r i a l  is conducted through the c a l o r i -  
m e t e r  shell ,  cons is t ing  of a m a s s i v e  meta l l ic  block whose t e m p e r a t u r e  is independent of the p r o c e s s e s  
occur r ing  in the c a l o r i m e t r i c  cell .  

To  de te rmine  the op t imum cel l  p a r a m e t e r s ,  a ma thema t i ca l  model  of the c a l o r i m e t e r  is examined,  
in approx ima te  fo rm,  in o r d e r  to obtain an express ion  for  var ia t ion  of ave rage  cel l  t e m p e r a t u r e  with t ime. 
This  enables  one to op t imize  the sensor '  m a t e r i a l  and d imens ions .  

Oleinik [2] has developed a c a l o r i m e t e r  model  which is considered as a uniform core ,  enclosed in a 
shel l  of known th ickness  in an unbounded medium.  This  s t ruc tu re  s e e m s  ent i re ly  sui table for  a pyroe lec t r ic  
c a l o r i m e t e r .  However ,  one of his basic  assumpt ions  is the absence  of a t e m p e r a t u r e  gradient  in the shell.  
This  is not appl icable  to a heat -conduct ing c a l o r i m e t e r .  

We a s s u m e  fo r  s impl ic i ty  that the shell  is spher ica l ,  ideal t he rma l  contact  ex is t s  between the outer  
su r face  of the sphere  and the medium (mass ive  meta l l ic  block),  and the heat  t r a n s f e r  to the inner  sur face  
follows Newton 's  law. The t he rm a l  constants  of the sphere  a r e  independent of t empera tu re .  

Since the s p h e r e ' s  wal l  thickness  is much less  than its rad ius ,  the heat--conduction equation can be 
cons idered  one--dimensional and can be wr i t t en  in Car te s i an  coord ina tes ,  with the cen te r  as the or igin 
[3, 4]: 

a~T OT _ a - -  (1) 
O~ Or ~ 

The init ial  condition can be wr i t t en  in genera l  f o r m  as  

T(r ,  O) = To(r). (2) 
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TO a s s i g n  bounda ry  condi t ions ,  we  a s s u m e  tha t  the t e m p e r a t u r e s  at  the i n n e r  and o u t e r  s u r f a c e s  of 
the s p h e r e  a r e  g iven  by a r b i t r a r y  funct ions  fl (r) and f2 (r), r e s p e c t i v e l y .  Then  

OT(Rp "r) ~ a [ : ~ ( x ) - = T ( R v  ~)1=0 ] 
Or ' }. (3) 

T(R~, ~) = h(~)  ] 

In l i nea r  scanning ,  the o u t e r  s u r f a c e  t e m p e r a t u r e  v a r i e s  a c c o r d i n g  to 

T (R2 ,  r )  - -  T o -'1- bx. (4) 

As shown in [5], the inne r  s u r f a c e  t e m p e r a t u r e  v a r i a t i o n  is  a{so l i nea r ,  but  wi th  a lag b%. Thus ,  a t  
any ins t an t  dur ing  scann ing  

fi(x) = b~ - -  b'c 0 1 (5) 
[-2 (~) = b"c / 

and T0(r) ~ 0. H e r e  we a s s u m e  that  T0(r) is l i n e a r ,  

T O (r) =: b% (R2 - -  r)/5. (6) 

L e t  the ce l l  t e m p e r a t u r e  du r ing  scann ing  a t t a in  the va lue  c o r r e s p o n d i n g  to the s t a r t  of the p r o c e s s  
s tudied ,  which  fol lows the exponen t i a l  law 

[(-c) -- T~ [1 - -  exp ( - -  kT)]. (7) 

The  t e m p e r a t u r e  v a r i a t i o n  of the i nne r  s u r f a c e  is  then g iven  by 

f,  ('0 = b'~ - -  b~o ~ f (% (8) 

and the o u t e r  s u r f a c e  t e m p e r a t u r e  r e m a i n s  f2('r) [see Eq. (5)]. 

B e c a u s e  of the non l inea r i t y  of  the p y r o t h e r m o m e t e r ,  the so lu t ion  of Eq. (1) is w r i t t e n  in t e r m s  of 
d~r /dr ,  w h e r e  T is the a v e r a g e  s e n s o r  t e m p e r a t u r e ,  as  ind ica ted  in [6]: 

dr =:-~- TdV . 
V 

The  so lu t ion  of  Eq. (1) in the f o r m  (9) can  be subs t i t u t ed  d i r e c t l y  into the e x p r e s s i o n  [1] 

u .~ A~dT/d~, (10) 

which  d e s c r i b e s  the e l e c t r i c a l  output  of the p y r o t h e r m o m e t e r .  

Solving gq.  (1) by the me thod  d e s c r i b e d  in [7, 8], us ing the s u p e r p o s i t i o n  p r inc ip l e  [6], we  find dq7 
/dr fo r  l i n e a r  s c a n n i n g :  

d~7 3aR~ T~ i Bi exp (-- k'c)[ R2 + (a,"k) 1"2 sin5 (k/a) 1/2 
d ,  R~ - -  R~ N 

3aBi ~ ( b _~ T~,--b% T,, ) 
-!- ,% cos (k/a)':~ ~1 ~ ~ _ R~ ,=, pT- ' p~ k + p~ 

• exp(p : )  (Rxcos,tt, ' 5-- sin,% - -  R2) - -  b B__j_i = b ( B i - ' : l )  
M ,tt i % % 

"" a " -- ~ M t P i  R I  R 2 - -  R~ a ,=~ 

B i + I  5 ( 5 s i n ~ h + R _ _ R 2 c o s ~ i ) ]  ' @- R~ sin ~q -!- R1 ~ ~i (11) 

w h e r e  Bi = c~R 1 / ~ is  the Blot  c r i t e r i o n ,  

oo 

g : Z ( -  1)"(P~kn = 
Bi+l 

R1 
(alk)ll 2 sin(k/a)l: 5 + cos (kla) 112 6; 
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TABLE 1. Roots of Eq. (14) fo r  6 / R  = 0.05 

0,00 
0,1O 
0,20 
0,40 
0,60 
0,80 
1,00 

2,00 
4,00 
6,00 
8,00 

10,O0 
15,00 
20,00 
49,00 
99,00 

199,00 
999, O0 

o ~  

1,60t4 
1,6053 
1,6090 
1,6148 
1,6191 
1,6248 
t,6320 
1,6603 
t,7152 
1,7660 
1,8137 
t,8582 
1,9586 
2,1017 
2,3723 
2,6537 
2,8628 
3,0801 
3,1416 

4,7229 
4,7242 
4,7254 
4,7274 
4,7291 
4,73t2 
4,7335' 
4,7439 
4,7647 
4,7653 
4,8057 
4,8259 
4,8751 
4,9585 
5,1599 
5,4544 
5,7606 

�9 6,1606 
6,2832 

7,8564 
7,8655 
7,8657 
7,8660 
7,8662 
7,8664 
7,8667 
7,8730 
7,8857 
7,8983 
7,9109 
7,9233 
7,9452 

' 8,0086 
8,1504 
8,39t4 
8,7083 
9,2420 
9,4248 

tl,0O0 
11,0008 
11,0012 
11,0022 
11,0029 
11,0038 
11,0047 
tl,0092 
1t,0188 
11,0273 
11,0363 
11,0454 
11,0677 
11,1076 
11,2143 
t1,4086 
11,7027 
12,3247 
12,5665 

14,1407 
14,1410 
14,1413 
14,1420 
14,1428 
14, t435 
14, 1443 
14,1473 
14, 1548 
14~1619 
t4,1690 
14,1760 
14,1935 
14,2250 
t4,3099 
14,4699 
14,7335 
15,4090 
15,7080 

t7,2816 
t7,2818 
17,282t 
17,2827 
t7,2832 
t7,2838 
17,2845 
t7,2874 
t7,2932 
17,2990 
17,3047 
17,3t05 
17,3249 
17,3552 
17,4211 
17,5562 
17,7908 
t7,4953 
18,8496 

M = - -  
B i + l  ( 6 B i + l  

R, ~i cos~i-- 1 +  R--7 ltt~- sinl*,; 

5~ ( i j  - 6 B i §  
an(2n)[ ~ R~ 2n-? l ,; p~ 

= - - v i a ~ 6  ~, 

the Pi being the roo ts  of the c h a r a c t e r i s t i c  equation 

2 ( _  = o. (12) 

Equation (11) is  cons iderably  s i m p l i f i e d  for a constant  outer  she l l  t emperature  {b = 0), and only those 
s u m s  which do not contain b remain  in the f irs t  p a r t .  

In pract ice ,  the c a l o r i m e t e r  m u s t  be stable  against  temperature  f luctuations in the external  medium.  
This  is  achieved by including in the c a l o r i m e t e r ' s  outer  she l l  a second s e n s o r  which is  identical  to the f irs t  
and connected to it by a di f ferent ial  c ircuit .  Solving the same  problem for the second ce l l ,  a finite e x p r e s -  
s ion for d ~ : / d r  is  obtained. This  e x p r e s s i o n  contains  on the right-hand side only those  t erms  resul t ing  
f rom t e m p e r a t u r e  changes  in the m e a s u r i n g  senso r ,  for  both scanning and constant  outer  shell  temperature:  

d:F 3aR~ T~, Bi exp (--  k~)[R~+(a/k) 1/2 sin6 (k/a) 1.'2 
m.~_.-  3 3 dr R2--  R~ N 

co 

' Rlc~ R2'T---~3--Rt i=x le~p~ M ~: 

T h e  de te rmina t ion  of n u m e r i c a l  values  of d~?/dT in Eqs. (1I) and (13) r equ i re s  solving the c h a r a c t e r -  
is t ic  equation (12), which a f t e r  t r ans fo rma t ion  into the fo rm 

6 B i +  1 
c t g ~ t = - -  R--~-'" ~t (14) 

is  eas i ly  p e r f o r m e d  on a compu te r  for  any  finite number  of roots .  

Using the Na i r i -2  compu te r ,  we have tabulated the f i r s t  six roots  of Eq. (14) for  var ious  R. The 
t a b l e  l i s t s  values  of the f i r s t  s ix  roo ts  fo r  B i at 5/R 1 = 0.05. 

The following r e su l t s  w e r e  obtained f rom the compute r  numer i ca l  ana lys i s  of Eqs. (11) and (13) taking 
a c c o u n t  o f  the  phys ica l  c h a r a c t e r i s t i c s  of the m a t e r i a l  ( res is t iv i ty ,  d ie lec t r ic  constant ,  py roe lec t r i c  con -  
s tant ,  and t h e r m a l  constants) .  

1. d T / d T  i n c r e a s e s  somewhat  with inc reased  the rmal -d i f fus ion  ra te .  A m a t e r i a l  with as large a 
value of a as poss ib le  should be used (other p a r a m e t e r s  being optimized).  
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2. dTf/d'r i n c r e a s e s  s ignif icant ly with d e c r e a s e d  5. However ,  the pyroe lec t r i c  effect  of the sphe re  
m a t e r i a l  d e c r e a s e s ,  because  of the i nc rea se  in e l ec t r i ca l  conductivity and d e c r e a s e  in d ie lec t r ic  
constant.  The op t imum value of 5 is the re fo re  0.5 ram. F o r  this value,  a change in the physica l  
c h a r a c t e r i s t i c s  of the s ens o r  m a t e r i a l  does  not affect  i ts  py roe lec t r i c  activity.  

3. The calculated i nc rea se  in d ~ : / d r  with inc reas ing  R1 does not give a true p ic ture  of the behav ior  
of d~ : /d~ ,  because  at constant  volume a change in sphe r i ca l  radius  r e su l t s  in a change in the Blot 
c r i t e r ion ,  and a s imul taneous  inc rease  in RI and the sample  volume can cause  a s ignif icant  t e m -  
pe ra tu re  gradient  in the sample .  The opt imum sphe r i ca l  radius  is 10 m m  for  a sample  volume not 
t ess  than 4 cm 3. 

We have the re fo re  designed a sphere  with R1 = 10 m m  and 5 = 0.5 mm.  The m a t e r i a l  is lead ti tanate 
- z i r c o n a t e  with var ious  addit ives.  

R1, R 2 
r 
T 

To 
a 

x 

TO 

b 
V 
TM 
k 

T 
A 
U 

5 = R 2 - R  1. 

NOTATION 

are  the inner  and outer  sphe r i ca l  radi i ,  r e spec t ive ly ,  mm;  
is the coordinate;  
is the t ime,  sec;  
is the t e m p e r a t u r e  at  ze ro  t ime,  ~ 
is the sphe re  thermal--diffusion coeff icient ,  m 2 / s e c ;  
is the sphe re  t he rm a l  conductivi ty,  W / m -  deg; 
~s the h e a t - t r a n s f e r  coeff ic ient  of inner sphere  su r face ,  W / m  2- deg; 
is the c a l o r i m e t e r  t ime constant ,  sec;  
is the scanning ra te ,  d e g / s e c ;  
is the sphe r i ca l  shel l  vo lume,  m3; 
~s the m a x i m u m  t e m p e r a t u r e  inc rease  at  7- ~ ~; 
is the t he rm a l  p r o c e s s  r a t e  constant;  
is the py roe lec t r i c  constant ,  C / m  2- deg; 
is the p y r o s e n s o r  e lec t rode  a r e a ,  m2; 
~s the pyrovol tage ,  V; 

i~ 

2. 
3. 
4. 
5. 
6. 

7. 

8. 

9. 

L I T E R A T U R E  C I T E D  

V. K. Novik, M. B. Roi tberg ,  and N. D. Gavr i lova ,  Zavod. Lab. ,  3__8, No. 6, 701 (1972). 
B. N. Oleinik, P rec i s ion  C a l o r i m e t r y  [in Russian] ,  Izd. Standartov,  Moscow (1973). 
H. G. Cars law and J. C. J a e g e r ,  Conduction of Heat  in Solids, Oxford Univers i ty  P r e s s  (1959). 
A. V. Lykov, Heat  Conduction Theory  [in Russian] ,  Vysshaya  Shkola, Moscow (1967). 
E. Calvet  and H. P r a t  (editors),  Recent  P r o g r e s s  in Mic roca [o r ime t ry ,  P e r g a m o n  (1963). 
A. I. Pekhovich and V. M. Zhidkikh, T h e r m a l  Calculat ions for  Solids [in Russian] ;  Energiya ,  Lenin-  
grad  (1968). 
A. A. Sb_mukin, in: P r o b l e m s  in the Theory  of Heat  and Mass  T r a n s f e r  [in Russian] ,  Minsk (1970), 
p. 114. 
A. A. Shmukin, Abs t r ac t  of Candidate ' s  Disser ta t ion ,  Dneprope t rosk  (1971). 
A. Z. Rabinovich,  M. B. Roi tberg ,  Z. L Shapiro,  and L. P. Pya t igor skaya ,  in; New P i e z o - a n d  
F e r r o e l e c t r i c  Mate r ia l s  and The i r  Applicat ions [in Russ ian] ,  Moscow (1969), p. 137. 

1505 


